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Note: (i) Answer all questions. (ii) R[a, b] = the set of all Riemann integrable functions on

[a, b].

Q1. (15 marks) It is true that |f | ∈ R[a, b] ⇒ f ∈ R[a, b]? Justify your answer.

Q2. (15 marks) Define f : [0, 1] → R by

f(x) =

x if x ∈ Q

0 otherwise
.

Prove that f /∈ R[0, 1].

Q3. (20 marks) Prove that

(i) ln x ≤ 2(
√
x− 1) (∀x ≥ 1), and (ii)

∫ 1

0

x sin2 1

x
dx ≤ 1

2
.

Q4. (20 marks) Suppose

f(x) =

∫ x

0

(x− t)esin(
t

2020
)2 dt (∀x ∈ R).

Compute the value of f ′′(2020). Justify all steps in your calculation.

Q5. (20 marks) Let (X, d) be a metric space. If x ∈ X and A ⊆ X, then prove that

d(x,A) = d(x, Ā).

Q6. (20 marks) Let C0 and C1 be disjoint closed subsets of Ru. Prove that there exists a

continuous function f : Ru → [0, 1] such that

f(x) =

0 if x ∈ C0

1 if x ∈ C1.
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